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Introduction

In Information geometry, there are two key notions. They are notions of the statistical
structure and the dual connection. The author investigated the statistical structure for
Finsler spaces in [N05] and proposed the notion of the statistical structure for Finsler
spaces on the 9th International Conference of Tensor Society at Sapporo in 2006. '

In this paper, the author studies the dual connection of Finsler connections. The
Finsler connection consists of a nonlinear connection and a linear connection on tangent -
bundle. The author investigates in detail when the linear connection consisting of the
Finsler connection and the lifted metric of the Finsler metric satisfy the condition of
the dual connection. The author studies the four cases, the vertical-, the horizontal-,
the complete-, and the sasaki-lifts of the Finsler metric. From the obtained four re-
sults(Theorem 3.1 ~ 3.4), we notice the condition that makes four results to be uni-
form(Corollary 3.1 ~ 3.4). In addition, we can see that the symmetric property of the
linear connection consisted of the Finsler connection, it was the obstacle for Finsler spaces,
will be substituted to a more weekly condltlon(Remark 3.1).

In §1, the notion of the Finsler metric and the Finsler connection are s stated. In §2, the
four types of the lifted metric are stated. In §3, the dual connection of a linear connection
consisted of the Finsler connection are investigated in detail in four cases.

In this paper, the author refers [A-N00O], [M-103] and obeys [M86] with respect to the
notations of the covariant derivation and the position of its indices and refers [Y-I73] with
respect to the typical lifts to its tangent bundles. In addition the author obeys [A-KO05]
with respect to the global notations of Finsler geometry.

1 Finsler metrics and Finsler Connections

Firstly, we state the notation of Finsler metrics and Finsler connections([A-K05],[M86]).
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Definition 1.1 A function F : TM — R is called a Finsler metric on M if
1. F(z,y) >0, and F(z,y) =0 if and only if y = 0,
2. F(z,\y) = )\F(:I: y) for VA e Rt = {A e R: )\ >0},
3. F(z,y) is differentiable on T M*
4. the Hessian (g;;) defined by

0*(3F?)

(1.1) | 95(%Y) = 557

18 reqular.

Then the pair- (M, F) is called a Finsler space(or Finsler manifold). For each X €
T:M, its norm || X|| is defined by ||X|| = F (=, X).

A Finsler metric F is said to be convez if F?/2 is strictly convez on each tangent space
T.M, that is, the Hessian (g;;) is positive-definite. The convexity of F is equivalent to
the one of the unit ball B, = {y € T, M|F(z,y) < 1}. In addition, in this paper, we also
call gi; Flnsler metric.

- Next,

Definition 1.2 Let N be a nonlinear connection and V a linear connection on TM,
respectively. If V satisfies the following conditions

(1.2) Vi,di = Fioe, Vo0 =Fj0r,  Vabi=Cho,, Vo0 = Cpo,

then the pair FT' = (N,V) is called a Finsler connection on M, where (6;,8;) = (0; —
N, T@,, 0;) is the adapted frame of TM and N; ¢ are coeﬁiczents of N on each local coordmate
(2%, ).

We also call (N;,F;k, ) ,t‘he‘ coefficients of Finsler connection FT' and denote by

( 3o ch’ )
Then we can see the following relatlons for the coframe (dz*, 8y*) = (dz*, dy* + Nida?),

(1.3) Vs;da' = —Fdz", Vs, 0y' = —F0y", Vagdac = —Cj,d’, Vaj_ﬁy =—Ci;0y".

2  Lifts of Finsler metrics

‘In general, the dual connection depends on the metric G and the connection V (see
§3), so we consider various semi-Riemannian metrics on TM* derived from Finsler metric
9ij- o |
On each local coordinate (z*, y*)

(I) The case of Vertical lift
(2.1) ¢" = gi;dz’ ® da’.
(IT) The case of Horizontal lift
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(III) The case of Complete lift

(2.3) =y gmkdac ® dz’ + gz](éy ® de +dr'® 5y .
(IV) The case of Sasaki lift

(2.4) g = vgijdxi ® dz? + gi;6y" ® 0y’

In this paper, we study the above four lifted metrics.

3 Dual connections

Firstly, we state the definition of the dual connection.

Definition 3.1 Let G be a semi-Riemannian metric and V a lmear connection. If a
linear connection V* satzsﬁes the following relation

(3.1) .\ ZG(X,Y) = G(VzX,Y) + G(X,V3Y),

then V* 1s called the dual connection of V with respect to G, where X,Y,Z are vector
fields. »

Now, we set the following situation.

A Finsler space (M, F) and a Finsler connection FT' = (N, V) = (N], F%,C}y) are given.

Further another Finsler connection FT* = (N*,V*) = (N*%, F*%,, C*%,) are glven. In this
case we have two frames (§;,0;) = (0; — N/ 0, &;) and (9], 3;) = (0; — N*gaf, 0;) of TM*,
and two coframes (dz*,6y*) = (da’,dy* + Njdz?) and (dxi,5*yi) = (da*,dy’ + N*ida?),
respectively. ‘

- We put
(3.2) ‘ N*; - N;=B;.
Then we have
(3.3) . 5 =0, — Blo;, 6% =6y + Bidz".
Further we have
(3.4) Vs,0i = Fijor, V5,0;=F;0:, V.6 =Cjb,, Ve0;=Cj0,
(3.5) Vg da' = —Fjda", Vs,0y" = —F};0y", Vodz' = —Clida’, Va.8y' = —Cli0y"
and
(36)  Vib=FUS, Vidi=FUo, Vid=CUs,  Vadi=Con

(3.7)
v;;dzi = —F";da’, V5.8 = —F*;8"y, Vi di' = ~C*;da”, V5 8"y = —C*,8%y
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From (3.3) we also have

. V5,0 = (F*5 + C*L.B})bp + (Bj.; + B} |:B;)0;
(55) V5,8 = (F*5 + C% B85, V5.8 =Co, +BP; By, vgﬁ,&:c*aa__

In addition, from (3.8) we have for any vector fields X = X'6; + Xlai, Y = Yi; +
Y’& and Z = Z%; + Z*0; on TM*
VX = (Z'X} + Z7X)6 + (27X} + 27 X)) 65,
(3.9) LY = (Z’(Yi + BLY';) + Z7Y5)6;
+(Z7(Y?(By., + BiBy ) + (Y, + BIY'))) + ZT(YP By | + Y7[;)) 5.

(I) The case of Vertical lift

Firstly, we consider the case of vertical lift of the Finsler metric g;;(z,y). We assume
that

(3.10) Zg"(X,Y) = ¢"(VzX,Y) + g"(X, VZY).
From (2.1), the left hand side of (3.10) is
(3.11)
Zg"(X,Y) = Z76,(g; X'Y7) + Z70:(gi;; X*Y7)
= 7" (6,:95; XY + ;j6, X'Y7 + g;; X6, Y7) + Z7(8rg:;; X 'Y +g”3 XY+ g X°0:Y7).
On the other hand, from the first equation of (3.9), the first term of the right hand side
of (3.10) is
(3.12)
9°(VzX,Y) = giyda* (2" X, + Z"X?|,)8, + (27 X], + Z7XP|,)05)da’ (Y78, + Y7 8;)
= 94(Z' X}, + Z7X*|,)Y7
- and from the second equation of (3.9), the second term of the right hand side of (3.10) is
(3.13) -
9°(X,V3Y) = gijdz* (X768, + X78;)da’ ((Z7(YE, + BIY?[}) + Z7Y?[)6,
+(Z"(Y?(Bg., + BLBI}) + (Y’° +BlY’“| ) + Z7(Y?Bg|: + Y 1))
=g X (Z" (Y + BLY?|)) + Z7Y75).

Pr

Therefore, from (3.12) and (3.13), the right hand side of (3.10) satisfies as follows

(3.14) |
(VzX,Y) + ¢*(X,V3Y) = g,J(Z’ L+ ZTX)Y 4 g XN ZT (Y, + B’Y’ll) + ZTY|)
= Z" (95 X[, Y7 + g5 XY, + g1 X'B! YJIz) + Z7(95 X, Y7 + 95 X7Y77).
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Finally, from (3.11), (3.14) and the arbitrariness of Z, we have
(3'15) 6rginin + gij(srXin + gini'(SrYj = Gij [rY + ngXzYJ + QZJXZBI YJ'Z
(3.16) Orgi; X'Y7 4 g;;0:X°Y7 + g, X'0;Y? = g;; X, Y7 + g5, X'YI|r.
Here we take the following relations ‘4

(3.17) Yﬂ} =6Y? + F* YP = 6,Y7 - BloiY? + F*J YP

and notice X}, = 6, X"+ F,, X? and Y|} = ;Y7 + C’*Z,IYP, then from (3.15) and (3.16)
we have

(3.18) 5,9 X°Y7 = (gi;FE + gaF™5 + guC™5BY XY,
(3.19) o 0:9:;X'Y7 = (g;CE + gixC*5) XY
respectively. Since the arbitrariness of Xand Y, we can obtain
(3.20) 0:9i; = ge; Fp + ginF*% + g C™ BL,

(3.21) | 8-9i; = g;Ch + giC™%,.

Thus we have

Theorem 3.1 Let FT = (N, V) be a Finsler connection and FT* = (N*,V*) another.
one satisfying ‘(3.2) on a Finsler space (M, F). If V,V* and g" satisfy the equation (3.10),
then (3.20) and (3.21) are satisfied.

(II) The case of Horizontal lift

Next we consider the case of horizontal lifts of the Finsler metric g;;(x,y). We assume
that '

(3.22) ZgMX,Y) = ¢M(V2X,Y) + ¢"(X, V5Y).
From (2.2), the left hand side of (3.22) is
(3.23) |

ZgM(X,Y) = Z76,.(95; XY + g, XY + Z70; (gz]X 'Y + gi; X'YY)
= Z7(5,95 XY + g6 XV 4 g5 X06,Y + 6,95 XY + 9,6, XY + g, X5,Y7)
+ Zi(Bfgin’Y’ -+ gijanzY] + gin’BFYJ + Bfgin Y] + gijB,:XZY” + ginza,:Y’).
On the other hand, from the first equation of (3.9), the first term of the right hand side
of (3.22) is ‘
(3.24) |
9"(VzX,Y) = g;;0y*((Z7 X[, + Z"XP|,)6, + (ZTXf; + Z7X?|,)8;)dxi (Y76, + Y7 05)
+ 9 da* (27 X7, + 27 X))oy + (27X + Z7XP|,)3)0 (Y75, + Y70)
= 9(Z" X, + 2" X )Y + gy (77X, + 27X )Y '
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and from the second equation of (3.9), the second term of the right hand side of (3.22) is
(3.25)
(X, V3Y) = gii0y" (X786, + X70:)da? (Z7(YE, + BLYP[}) + Z7Y[})6,
+(Z7(YP(BE., + BLBE[) + (YE, + BLYF|) + Z’(Y”B’“I +YF))6;)
+ giida* (X760, + X70:)0y7 ((Z7 (YR, + BYP[}) + Z7Y7[1)5, |
+(Z7(Y?(Bg.r + BiBy ) + (Y, + BIY*))) + ZT(YPBY | + Y*|7)) %)
= guXZ(ZT(Y’ +BY'[)) + Z7Y];)
+ 95 X'(Z7(V? (B, + BLBJID) + (Y, + BYID) + 27 (VB + Y1)

pl*r
Therefore, from (3.24) and (3.25), the right hand side of (3.22) satisfies as follows
(3.26) ) ] _
(VX Y)+ (X, VyY) = 95(Z7 X}, + Z7 X, )Y + 95(Z" X[, + Z7X'],)Y?
+ 9 X (27 (Y], + BIY?|}) + Z7Y7[;)

+ 95X (2" (Y?(BY., + BLBI) + (Y, + BLY7[)) + Z7(Y?BiJ; + Y7|}))

= Z7 (g X}, Y? + 95 X[ Y7 + g5 X (Y], + BIY[}) + gy X*(Y?(BY,., + BLBI[}) + (YJ + BLY[)))
+ Z7(gi XY + gy XY + gy XYI|; + gy XU (YPBIJ: + YI2)).

Finally, from (3.23), (3.26) and the arbitrariness of Z, we have

(3.27)

5rg,JX’YJ + g0, Xyd +ngX’<5 Y7+ 0,9i; X" 3% + g0, Xy + 9sj X6,V

= gy X7 + gy X Y7 + gy X (Y2, + BYI[}) + gy X (YP(BY., + BBI[;) + (Y2, + BLY7]),
(3.29) Brgi; XY + ;0 X°Y7 + g, XP0:Y7 + 0:9; XY + g;,0: XY + g,;X780,Y7

S 2 XY XY 4 XY 4 0, X (YPBY: + YO,

Here we take the following relations
(3.29) Y’ =8 Y+ FYP = §,Y] — BloYT + F*I YP.
and notice (3.17) and Y7} = 8;Y7 + C’*g,Yﬁ, then from (3.27) we have

(3.30) <
8rgi(X'Y7 + X'Y7) = (ngF + gsz* +9iC 3 By) (XY + X°Y7) + g X'Y*(BY., + B!B]|}).

Since the arbitrariness of Xand Y, we can obtain

(331) ‘ 67‘91] ngF + gsz jr + gzkc*
(3.32) Bj., + B!B]|; =0.
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By the same way, from (3.28) we have
(3.33) 8:9:;(X'Y? + X'Y7) = (ge;CE + g C*E. )(X Y9 4+ XY) 4 g, XYEBIE
Since the arbitrariness of Xand Y, we can obtain

(334) argm - gij + gzkc*fra
(3.35) "Bilr=0.

From (3.32) and (3.35),

(3.36) | B

pi*r

=0, B{,l: =0
are satisfied. Thus we have

Theorem 3.2 Let FT = (N, V) be a Finsler connection and FT™* = (N*, V*) another
one satisfying (3.2) on a Finsler space (M, F). If V,V* and g" satisfy the equation (3.22),
then (3.31), (3.34) and (3.36) are satisfied.

(IIT) The case of Complete lift

Next we consider the case of Complete lifts of the Flnsler metric g;;(z,y). We assume
that

(3.37) Zg{(X,Y) = ¢°(VzX,Y) + ¢°(X, V3Y).
From (2.3), the left hand side of (3.37) is

3.38

(ch(;(7 Y) = Z"6,(gijo X'Y7 + 9i; XY + gz'inY;) + Z70:(gi510 X Y7 + g XY + gi; X°Y7)
= Z"(6:9i0 XY + 915100, X Y7 + gijjo X6, Y7 + 6,9;; XY + 6, XY + g;; X6,V
+ 6,95, X°Y7 4 g8, XY + g, X06,Y7)
+ Z7(0rgii0 X*Y7 + gi00r XY + gijpo X' 0:Y7 + 0rgi; XY + 9450 X'Y7 + g, X'0;Y7
+ 8r g5 XY + g,,0:X°Y7 + g, X0:Y7Y). \

On the other hand, from the first equation of (3. 9) the first term of the right hand side
of (3.37) is

(3.39)
9°(V2X,Y) = gijoda* (Z7 X[, + Z7X?|,)0, + (27X, + Z7XP|,)0,)da? (Y76, + Y70, )
+ 950y (27 X[, + ZTXP|,)8p + (2" XD + Z7XP|,)85)da? (Y76, + Y7 0)
+ 9idz’ (Z7 X[ + Z7XP|,)8p + (27X + Z7 XP|,)05) 59 (Y76, +Y78;)

|r
= gijto(Z7 X} + Z7X)Y? + gii(Z7 X[, + ZTXN)Y? + 9i(Z7 X[, + 27 XYY
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and from the second equation of (3.9), the second term of the right hand side of (3.37) is
9°(X, V5Y) = gijpdz’ (X6, + X78:)da? (Z7 (YT, + BﬁYﬂ )+ ZTY?|5)6,

or
+ (27 (Y?(Bye, + BLBy[D) + (Y, + BIYF[)) + 27 (VP By[7 + YH1)))
+ 6ii0y* (X768, + X70p)da’ (27 (YE, + BiY?[)) + Z7Y™|})5,
+(Z7(Y?(Bfp, + BLBSI) + (Y, + BIY*|D)) + 27 (Y? B} + Y*[7)d5)
+ ggde (X5, + X708 (77 (Y, + BYP[}) + Z°Y7[)5,
+(Z7(Y?(Byper + BBy 1) + (Y, + BLYH[)) + Z7(YP Bl + Y¥|1))8k)
= 9 X (Z" (Y1, + BY'}) + Z7Y|; ) + 95X (27 (Y], + BYY?[) + Z7Y7);)
+ 9 X' (Z" (Y?(B., + BiB3|}) + (Y7, + BiY|))) + Z7(YPBj|; + Y7I})).
Therefore, from (3.39) and (3.40), the right hand side of (3.37) satisfies as follows

(3.41)
9°(VzX,Y) + ¢°(X, V3Y)

= gmo(Zerr + ZTX,)YI + gz](Z’”X|, + Z"X1| Y7+ ng(Z"Xlr + ZTX@I )YJ
+ 9 X (Z7 (Y], + BY|;) + ZTY7 ) + ngz(ZT(Yﬂr + BY7[5) + Z7Y7|)
+ 05 X (Z7(Y?(B)., + BLBII) + (Y, + BIY'[})) + Z"(YP B[z + Y7|))

= Z" (910 XLY? + gigp XYY, + gz-,-,oxiBl Yj{;' + 9 XY + g XLYT + g XA (Y, + BIY))
+ ngz(Yp(B]] . BiBJh) + (¥} [r BIY]’I ) }

+ Z7(9ijo X" » Y7 + gijo XY |E + 95X Y7 + g5 X, YT + gi; XTYI|E + 9i; X*(Y?Bl|x + YIP5).
Finally, from (3.38), (3.41) and the arbitrariness of Z, we have
(3.42) |

8:9i50X"Y 7 + G106, XY7 + gigpo X76,Y7 + 6,05, XY + 9170 XY 4 g;; X6, Y7

+ 6,95 XY + gi;6,X°Y7 + g;;X6,Y7 ‘

= gmoXITY + gijo XY +gmoX 'BY|; +gz,X,TY +9i; X1Y7 +g”XZ(Y[J + BLY?|p)

+ g X' (Y?(BJ., + BlB?Il) + (Y, + B, Y’Iz)
(3.43) ] _ ]
079ij10 X" Y7 + i500: X" Y7 + 9510 X 0FY7 + 0r9i X'Y? + 94i0: X'Y7 + ¢;; X" 07Y7

+ 0rgi; XY + 90XV + g, XP0:Y7

= ijo X" [+Y7 + gio X Y[ + g5 X' Y7 + g, XP1, Y7 o+ 95 XPYI|7 + g, XA(YP B[ + Y7[7).
From (3.17), (3.29) and (3.42) we have ”

. 6r9ij|0Xin + 5,gij(X;Yj + XYY)
(3.44) = (grjtoFie + Girjo F*5, + girio BrC™ 5 + gik(Bk* + BLBj[}))X'Y?
+ (gui FE + ginF™%. + 9O BL) (XYY + XPYY),

(3.40)
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Since the arbitrariness of Xand Y, we can obtain
(3.45) 8rgijlo = grjioFiy + girioF5, + Girio BrC™5 + gin(Bjpe, + BLBSl}),
- 0rgi = gk Fii + g ™5, + giC™5 BL.
Further from (3.17), (3.29) and (3.43) we have
e B:giso XY + 8,g:;(X'Y7 + XYF)
' = (gkjoCE + gikpC*5, + g BE D) XY + (gi; O + gixC™5, ) (X'Y7 + X*Y7).

Since the arbitrariness of Xand Y, we can obtain

(3.48) Orgijlo = gkﬂock + gik]OC*;?r + QikaW,
(349) argq - gk]C + gikC*?r'

Thus we have

Theorem 3.3 Let FT = (N, V) be a Finsler connection and FT* = (N*,V*) another
one satisfying (3.2) on a Finsler space (M, F). If V,V* and g° satisfy the equation (3.37),
then (3.45), (3.46) and (3.48), (3.49) are satisfied.

(IV) The case of Sasaki lift :
Lastly, we consider the case of Sasaki lifts of the Finsler metric g;;(z,y). We assume that

(3.50) Z¢*(X,Y) =¢°(VzX,Y) + ¢°(X,V3Y).
From (2.4), the left hand side of (3.50) is

(3.51) |
Zg°(X,Y) = Z76,(9:5; X°Y? + 953 X°Y?) + Z70:(9i; X' Y7 + g:;; X'Y")
= Z7(6,9;; X°Y7 + 66, X°Y7 + 95, X°6,Y7 + 8,95 X°Y7 + 9,6, X°Y7 + g;;X76,Y7)
+ Z7(0rgi X°YT + 610 XY + gi X20YT + 8rgis XY + 950, XY + g, X70,Y7).
On the other hand, from the first equation of (3. 9) the first term of the right hand side
of (3.50) is
(3.52)
9*(VzX,Y) = g;;dz* ((Z" X2 + ZTXPI )8, + (Z"X” + Z7X?|,)85)da? (Y76, + Yra )
+ 950Y'(Z7X] + Z7XP|, )8y + (Z7 XD + Z7 XP|,)85)09° (Y76, + Y7 8)
=94(Z" X}, + Z7X*|,)Y? + gij(ZTXv + 27X, Y7
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and from the second equation of (3.9), the second term of the right hand side of (3.50) is
9°(X,V3Y) = g;jda’(X"8, + X"07)dz? ((Z7(YE, + BiY?|}) + Z7Y?|})6,
+(Z7(Y?(Byr + BiBy 1) + (Y, + BiYD) + Z7(YPBy|; + Y*7))0)

+ 90 (X786, + X70)3y7 (27 (Y2, + BY?[}) + Z'Y?[2)5,

+(Z7(Y?(By, + BiBylp) + (Y5, + BYH)) + Z7(YP Byl + Y*[7))0)

= g5 X (Z"(Y, + BYY'[}) + Z'Y7;)
+ 0 X (Z7(YP(B)., + BLBI[) + (Y], + BYI|))) + Z7(Y"BI): + Y7[2)).

(3.53)

Therefore, from (3.52) and (3.53), the right hand side of (3.50) satisfies as follows
9°(VzX,Y) + g*(X, V3Y)
= g(Z" X}, + 27X, )Y? + gi;(Z7 X[ + Z7 X)) Y7
+ 95X} (Z7(Y], + BY'[) + Z7Y7))
(354)  +g5X (2 (Y?(By., + BIB[}) + (Y, + BIY|})) + 27 (Y?BY|: + YI|1))
= Z7(95 XY + 95 XpY7 + 9 XY+ gy X' BLY?|;
+ 95X (Y?(B)., + BLBI) + (Y], + BLY7|)))
+ Z7 (g XY + gy X1, YT + gy XYl + gin;(YpBﬂ: +Y7)2).
Finally, from (3.51), (3.54) and the arbitrariness of Z, we have |
8,955 X Y7 + g6, X'Y7 + g X6, Y7 + 8,95 XY + 9,56, X°Y7 + g;;X76,Y7
(3.55) = g;; X[, Y7 + 9, X, Y7 + gininf,, + g;; X'BLYI|;
o+ 05 X (YP(B)., + BLBI[) + (Y, + BIY|p)),
(3.56) 0915 X ’Y] + 9i;0: X l..YJ f‘_gi;‘X zaerJ_ + afgij){ Y+ gz'ja_fX iY’ + 9, X" OFY"
= 9 X' Y7 + g5 X', Y7 + 95 XY} + 9, X (YPB) |7 + Y77).

From (3.17), (3.29) and (3.55) we have

sy FXYTHXTVD) I | e

: = (grs Fe + gikF*;?r + gika‘C*fz)(XzY] + X'Y7) + g’ij(ng)|*r + BiB;J;‘T)XZYp-
Since the arbitrarinéss of Xand Y, we can obtain _
(3.58) 6:9i = i Fy + 9 F*5, + 9 BLC*Y,
(3.59) B!.,+B!B]|; =0.
Further from (3.17), (3.29) and (3.56) we have
Brgi; (XY + XY

(3.60) k *k ivi o yiyi i %
= (95Cy + 9 C"5) (XY + X'Y7) + g XY B
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Since the arbitrariness of Xand Y, we can obtain

(3'61) T argt] “ngC +gsz*.l;ra
(3.62) | Bi): = 0.

From (3.59) and (3.62),
(3.63) B, =0,Bl=0
are satisfied. Thus we have

Theorem 3.4 Let FT = (N, V) be a Finsler connection and FT* = (N*,V*) another
one satisfying (3.2) on a Finsler space (M, F). If V,V* and g* satisfy the equation (3.50),
then (3.58), (3.61) and (3.63) are satisfied. L .

By the way, we can consider the case of N = N*. Then we ha.ve Bz = (0. Therefore
we also have the following corollaries.

Corollary 3.1 Let FT' = (N,V).= (N}, F},,C%,) be a Finsler connection and FT* =
(N, V*) = (Nz F*;k, *3k) another one on a Finsler space (M, F'). If V,V* and ¢g* satisfy
the equatzon (3.10), then é,g;; = gk]F + g F*® 3 and 0r9ij = ngC'"-l-gsz jr are salisfied.

Corollary 3.2 Let FT = (N, V) = (N}, F, Ci,) be a Finsler connection and FT* =
(N,V*) = (N}, F*%, *;k) another one on a Fmsler space (M, F). If V,V* and g" satisfy
the equation (3.22), then 6,g;; = gr; FE + g F*%, and 8:9i5 = gi;Cr. + g C™%, are satisfied.

Corollary 3.3 Let FT' = (N,V) = (N], F;,c, ]’,c) be a Finsler connection and FT* =
(N, V*) = (N}, F*%,.,C*i,) another one on a Finsler space (M, F). If V,V* and g° satisfy
the equation (3.37), then 6r9i5 = i i +gikF*§T and 0rg;; = gr;CE +gsz*fT are satisfied.

Corollary 3.4 Let FT' = (N, V) = (N}, F},, C}) be a Finsler connection and FT* =
(N, V*) = (N}, F*%,.,C*%.) another one on a Finsler space (M, F). If V,V* and g° satisfy

the equation (3.50), then 6,9;; = g FE +gsz*JT and Org;; = gk]C'"+gsz* are satisfied.

Remark 3.1 In the previous paper [NO5], we see that the symmetric property of the
linear connection V consisted of the Finsler connection is the obstacle for Finsler spaces.
The necessary of the symmetric property is in the Levi-Civita process to obtain coefficients
of the connection. The key equation in its process is 6,9i; = g Fif + gsz*JT or Orgij =
gk CE + gsz*’“ Therefore we can see the necessary conditions for the Finsler connection
FT = (N}, ]k,C;k) that F}, = F};, namely, Tj, = 0 and C}, = C};, namely, S} = 0.
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