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Abstract
The author studies the statistical structures and the dual connections on the
subbundle HM of TM on Finsler spaces. In particular, the case given two Finsler
connections V, V* that have the different non-linear connections N, N* is treated
in this paper.
Keywords: statistical structure, dual connection, Finsler metric, Finsler connec-
tion, non-linear connection.

Introduction

The author investigated the statistical structures on T'M of Finsler spaces([N05],[N06-1]).
Further the author studied the dual connections of Finsler connections on T'M ([N06-2]).
Finsler Geometry is treated as the geometry on the subbundle VM of TM in [A-KO06].
The author and Prof.Aikou had the lecture ”Finsler manifolds satisfying RZ# = 07 at
Workshop on Finsler Geometry and its Applications in May 29-June 2, 2007, Hungary. In
that lecture, Finsler geometry was treated as the geometry on the subbundle HM of TM
on Finsler spaces and the notion of the dual connection of Finsler connection was stated
as the structure between two Finsler connections with the same non-linear connection.

Now, according to the lecture and [A-KO06], the author studies the statistical struc-
tures and the dual connections on the subbundle HM of TM on Finsler spaces because
HM is isomorphism to VM. In this paper, the author, however, treats the two Finsler
connections with the different non-linear connections.

In §1, general preparations and the notion of the statistical structure and the dual
connections are stated. In §2, the notion of Finsler spaces and Finsler connections are
stated. In §3, the torsions of Finsler connections is shown. In §4, the notion of the sta-
tistical structures and dual connections on HM is studied and the conditions that two
Finsler connections with the different non-linear connections is shown. In addition, its
application and an open problem (in spite of the similar problem is still solved in Rie-
mannian geometry) is stated.

In this paper, the author refers [A-N00] for the notion of statistical structures and dual
connections and obeys [M86] with respect to the notations of the covariant derivation and
the position of its indices. In addition the author obeys [A-K06] with respect to the global
notations of Finsler geometry.
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1 Statistical Structures and Dual Connections

We state the notion of the statistical structure and the dual connection in Riemannian
case.

Definition 1.1 Let M be an n—dimensional differentiable manifold, h a semi-Riemannian
metric, and V a symmetric(torsion free) linear connection on M. If Vh is totally sym-
metric, then the pair (h,V) is called a statistical structure on M and (M, h,V) is called
a statistical manifold.

On a statistical manifold (M, h, V), the symmetric tensor field K := Vh is called the
cubic form and written in the local coordinate system (z*) of M as follows:

(11) K= (Kijlc) = Kijkd.'ﬂi ® d.’L‘j ® dl‘k,

where Kji := hijx and , k is covariant derivative of %.
In addition, the tensor field L defined by

(1.2) WML(X,Y),Z) = K(X,Y, Z) = (Vzh)(X,Y)

is called the skewness operator of (M, h,V) and we put ij to the coefficient of L, where
Lf:] = Kirjhrk and (hij) = (hij)_l.
Furthermore, we put V° to the Levi-Civita connection of h, then

1 _ 1
(1.3) vV=V’- gL (e Iy, =Ty - 5ij)

is satisfied, where I'f; and T'% are the coefficients of V and V°, respectively.

Definition 1.2 Let h be a semi-Riemannian metric and V a symmetric linear con-
nection. If another symmetric linear connection V* satisfies the following relation

(1.4) Zh(X,Y) = h(VzX,Y) + h(X,V3Y),

then V* is called the dual connection of V with respect to h, where X,Y, Z are any vector

fields.

Remark 1.1 In general, for every statistical manifold (M, h,V), there erists a nat-
urally symmetric trilinear form K called the cubic form. Conversely, let (M, h,K) be
a semi-Riemannian manifold with a symmetric trilinear form K. If we define the ten-
sor field L of type (1,2) by h(L(X,Y), Z) := K(X,Y,Z), and an affine connection V by
V= VO—%L. Then V is symmetric and satisfies Vh = K. Therefore the triplet (M, h, V)
becomes a statistical manifold. Thus to equip a statistical structure (h, V) is equivalent to
equip a pair (h, K) consisting of a semi-Riemannian metric h and a symmetric trilinear
form K. Hence (h,K) is also called a statistical structure. Further, if (M,h,V) is a

1
statistical manifold, then (M, h,V*) is also because of the relation V° = §(V + V*).
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2 Finsler Spaces and Finsler Connections

Let M be an n—dimensional differentiable manifold and let # : TM — M be the
tangent bundle of M. We denote by v = (x,y) the points in TM if x € M and y €
7 1(z) = T,M. We denote by z(M) the zero section of TM, and by TM* the split
tangent bundle TM\z(M). Further, let U C M be an open set with a local coordinate
(z1,--- ,z2"). By setting v = Zyi(a/ax) for every v € n71(U), we can introduce a
local coordinate (z¢,4%) = (z',---,2"y' -+ ,y") on 77 }(U). Thus we have the local
coordinate system {7~1(U), (z',y*)} on TM.

Definition 2.1 A function F : TM — R is called a Finsler metric on M if
1. F(z,y) >0, and F(z,y) =0 if and only if y =0,
2. F(z,\y) = M\F(z,y) for VAe RT ={A € R: A > 0},
3. F(z,y) is differentiable on TM*
4. the Hessian (g;;) defined by

P F?)
2.1 ii(z,y) = 2
( ) gJ(x y) ay,ay]
is reqular.
Then the pair (M, F) is called a Finsler space(or Finsler manifold). For each X €
= F{z, X).

A Finsler metric F is said to be convez if F2/2 is strictly convez on each tangent space
T, M, that is, the Hessian (g;;) is positive-definite. The convexity of F' is equivalent to
the one of the unit ball B, = {y € T, M|F(z,y) < 1}. In addition, we also call g;; Finsler
metric.

Next, we will state Finsler connections. So we take the following notations about the
indices i, j,k,--- ,A,B,C,--- ,1,2,3, -

Let z,],k,- =1,2,---,n; ABC,---=1,2,--- ,n,n+1,---,2n, be the ranges of
indices i, j,k,---, A,B,C,---, respectively and 1,2, ,7 are meant by I =n+1,2 =
n+2,---,1=2n.

Definition 2.2 Let N = (NJ‘) be an nonlinear connection and V a linear connection

0 —NT—8— i) as frames

o (;9? Loy’ Oyt
of TM* on each local coordinate (z',y"), V satisfies the following formulae:

on TM*, respectively. If, for the adapted frames (6;,0;) =

(22)  Ve&i=Fb, Vd=F, Vobi=Cho, Vadi=Cho,

then the pair FT = (N, V) is called a Finsler connection on M and (N}, F},Cl) is

called the coefficients of the Finsler connection FT' = (N,V). In addztwn we also
call (N} Vis ]’,c, ;k) Finsler connection and we denote the Finsler connection by FI' =
(N: Cy) or V = (N}, Fy, Ck).

], ]]ca J7 ]k»
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Further, for the coframes (dz’, 8y*) = (dz*, dy’ + Njdz?) of (d;,;), the Finsler connec-
tion FT satisfies

(2.3) Vsda' = —F\da", Vs,0y' = —FL6y", Vo.da' = —Clida’, Vo,0y' = —Cji6y".

3 Torsions of Finsler connections

We will write the coefﬁcients of torsion tensor field T of V with respect to the adapted

frames 94 = (8;,3;) by The- Since the following formulae of the torsion tensor field of V
(3.1) T(88,00) = V,0c — Vg0 — [08,00] = Thc0a,
we have
(3.2) 7:’(6 §;) = T’& +TT8,, T(6;,05) = T’6 + Tr(?r,
T(6;,6;) = TT6 +T78,, T(8;,05) = ;3& +T{1—-0;,
where
5.3 T}, = F, - Fjj, Tl = =6, N + ;N}, Tip = —Cly, Tiz = Fi; — ;]

T, = Cijy Tjy = ;Nj - Fjy, T =0, Ty = —~Cj + Ci;.

j
If we rewrite the relation (3.2) by Finsler torsion tensors T, R, P, S, C' of Finsler connection

V = (N}, Fj;,Ci), we have

T(8:,8;) = —T}j6, — (6:,85) = —Cl6, — Pjor,
T(:,6;) = Clié, +PT3T, T(& 8;) = —SI.0r,

1

(3.4)

where T}, = Fjy — F};, Rl = 6, N; — §;N}, P} = OpN; — Fi;, Si = C — Ci;.

If we assume that the Finsler connection V is symmetric, namely, torsion free as a
linear connection of TM*, then all Finsler torsion tensors vanish. This is inconvenient
for Finsler geometry(Theorem3.2,4.2,5.2 in [N05]). In the Riemannian geometry, however,
the symmetric property of the connection is necessary in the notion of the dual connection
of V. By the detail investigation for the dual Finsler connection, we will notice that it
is sufficiently that the symmetric property of Finsler connection V = (N}, Fiy, Cly) s
T}, = 0 and S}, = 0 only. Therefore we present the notion of the statistical structure for
Finsler spaces as the following section.

4 Statistical Structures and Dual Connections on HM
Now, Finsler geometry is developed globally as the geometry of the vertical subbundle

of the tangent bundle in [A-KO06]. If the nonlinear connection is given, the horizontal
subspace of the tangent space of T'M is equivalent to the vertical subspace of the tangent
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space of TM at every point on TM. Namely, we put HM and VM to the horizontal
subbundle and the vertical subbundle, respectively, then the following decomposition

(4.1) TTM =HM & VM

is satisfied, where HM is locally spanned by {6;} and V' M is locally spanned by {8} and
the map 7

(4.2) T:HM - VM |6 — &

is homomorphism.

According to the decomposition (5.1), we can express any vector field X on TM as
X = X¥ + XV where X¥ € HM and XV € VM, and the exterior differential d also
split as d = d¥ +dV, where d¥ is the differential along HM and dV is the one along VM.
In addition the dual bundle HM* and VM* are locally spanned by {dz‘} and {dy‘},
respectively.

Furthermore, the Finsler connection V = (N}, Fj, Cj;) also split as

(4.3) vV=vI4+vV.

Now we consider the geometry on the horizontal subbundle HM, namely, the Finsler
metric g = (g;;) is regarded a metric on the horizontal space as follows

at each point on TM*.

Firstly, we study the statistical structure on H M, namely, for the Finsler connection
FT' = (N, V) and any horizontal vector fields X,Y, Z on TM*, we consider the case that
Vg is totally symmetric with respect to the metric (4.4).

Let (M, F) be a Finsler space with a Finsler connection V = (N}, F};, C},) satisfying
T}, = 0. Because of the definition, we have on (z*, ")

(4.5) VHg = gjkdz’ @ dz’ @ dz”.

Therefore, for any horizontal vector fields X = X%6;,Y = Y?*5;, Z = Z§; on TM*
(4.6) (V59)(X,Y) = gijuX'Y' Z*

is satisfied.

Thus we have

Theorem 4.1 Let (M, F) be a Finsler space with a Finsler connection' V = (N}, F}, Ci)
satisfying fk = 0. Vg is totally symmetric with respect to the metric (4.4) if and only

if gijik 18 totally symmetric.
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Here we put the definition as follows

Definition 4.1 Let (M, F) be a Finsler space with a Finsler connection V = (N}, F}y, C3})
satisfying T]’,c = 0. IfVHg is totally symmetric with respect to the metric (4.4), then (F V)
is called the statistical structure on the subbundle HM of the Finsler space (M, F).

Then we can proof the following theorem

Theorem 4.2 There exist statistical structures on HM of a Finsler space (M, F).

Proof
We can take the following Finsler connection V = (N}, Fj;, C3),
i_ 4L r

(4.7) Ny =5 = 59 97915700

i _ L L
(4.8) ik =39 Y6591 + kg5t — O1gsk) — 59”3;‘591]',
(49) ¢, o,
where

. N

(4.10) Vir = =9" (090 + Ok gst — Digsn)-

2

The relation F}, = F}; follows from g;; = g;; and 0ggij = 059k = 0;gjk. So T =0is
satisfied.

Gijlk = 51:91] zkgT] F]‘Tkgil

— 1 rm _ 1 rm _
(4.11) = 597" (Okgmi)9rj + 59™" (O3 ) gir

e L PP

= Ok = 2 Oyidyidyk’

Thus the symmetric property of g; is satisfied. Therefore (F), V) is a statistical structure.

Q.E.D.

Remark 4.1 In the above theorem, if we put Fjy = 59" (9 + Okgji — Oigje), the
connection (N}, Fjy,C3;) is so-called ”"Rund connection(or Chern connection)” and the
Finsler tensor field g"0gi; is so-called ”Cartan tensor C”.

Next, we study dual connections of Finsler connections V = (N}, F},, Cy,). We set
the following situation, firstly.

A Finsler space (M,F) and a Finsler connection FT' = (N,V) = (N}, F},Ch)
satisfying T, = 0 are given. Further another Finsler connection F ™ = (N*, V*) =
(N*5, F*i,, C*4,) satisfying T*% = 0 are given. In this case we have two frames (;,0;) =

(6; — Nra,,a;) and (87,0;) = (8; — N*19;,8;) of TM*, and two coframes (dz*,dy") =
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(dz',dy* + Nidz?) and (dz*,6*y") = (da',dy’ + N*idz’), respectively.
We put

(4.12) N*; —N;= B;-.
Then we have
(4.13) 6 =6, — Bld;, &y =6y + Bida'.

Further we have

(4.14) Vs, 0 = Fj;6,, V5,8 =Fj0:, Va0i=Clo,, Va0;=Cpo,
(4.15) Vyda' = —Fida", Vs,6y' = —F}8y, Voda' = —C}da’, Vo,0y' = —Cli8y"
and

(4.16) V56 = Fry6r, Vi 0= Fri0r, Vo0 =06, Va.0i=C750r,
(4.17)
Vieda' = —F*ida’, V5.8'y = —F*L,6'y, Vda' = —C*}ida’, V8% = —C™},6y.

From (4.13) and (4.16) we also have

V3,0 = (F*%, + C*0, B)6, + (BY., + BY[; B}) 5,
V5,8 = (F*5 + C.B})05, V5.0, = C'}6, + Bl[;05, V5,0, = C"},05.

ir—g

(4.18)
In addition, from (4.18) we have for any horizontal vector fields X = X'6;, Y = Y%, and Z =
Z'; on TM*

(4.19) VX =Z'X\.8;, V'5Y = Z'(Y}i, + BY'|})di.

According to our standpoints, we should consider the case that, for the metric (4.4)
and any horizontal vector fields X = X;, Y = Y'; and Z = Z'6; on TM*,

(4.20) Zg(X,Y) = g(VEX,Y) + g(X,V'7Y).
From (4.4), the left hand side of (4.20) is

(4.21) Z9(X,Y) = Z"6:(9;X'Y7)
' = 7" (6,95 XY + g:;6, XY + g;; X'6,Y7).

On the other hand, from the first equation of (4.19), the first term of the right hand side
of (4.20) is

9(VEX,Y) = giyda*(Z" X[,8,)da? (Y"$,)

(4.22) al
= 9 X, Y 2"

— 161 —



Journal of the Faculty of Global Communication Siebold University of Nagasaki No.8
and from the second equation of (4.19), the second term of the right hand side of (4.20)
is
o 9(X, V*EY) = gyt (X75,)da? (27 (Y2, + BLY?|})6,)
' = g, X' (Y], + BY?|})Z".

Therefore, from (4.22) and (4.23), the right hand side of (4.20) satisfies as follows
(420)  g(VEX,Y)+g(X,V*EY) = g, XLYIZ" + g, X'(YE, + BIYI)Z"
Finally, from (4.21), (4.24) and the arbitrariness of Z, we have

(425) 6,95 XY + g6, X'Y7 + g X6, Y7 = ginliTYj 4 giniYﬂ, + g;; X'BLY7|}.
Here we take the following relations

(4.26) Yi, =6V 4+ F*LY? =6,Y7 - Bloyy? + F*),Y*

and notice X = 6, X'+ Fi X7 and Y7|; = ;Y7 + C*f,lY”, then from (4.25) we have
(4.27) 6,95 XY = (g FE + ginF™%, + g C*5 B XY

Since the arbitrariness of Xand Y, we can obtain

(4.28) 8:9i; = gk F + g F™%, + g C*% BL.

Thus we have

Theorem 4.3 Let (M, F) be a Finsler space and V (NJ’, F]’k, >t satisfying Tji,C =0

a Finsler connection. Further,let V* = (N"2 F*;k, : ) be another Finsler connection
satisfying T*’k = 0. For the metric (4.4) on HM and any horizontal vector fields X =
Xig;, Y = Y’6 and Z = Z'6; on TM™, the relation (4.20) is satisfied if and only if the
relation (4.28) is satisfied.

On the other hand, we consider the case for the metric g = gijdxi ® dz? on another
subbundle H*M spanned by {6;} and for any horizontal vector fields X* = X*§,Y* =
Y*i§; and Z = Z*'6F on TM™

(4.29) Z*9(X*,Y*) = g(VE.X*, V) + g(X*, VEY™).

If we apply the theorem 4.3 to H*M and horizontal vector fields X* = X*i§;,V* =
Y*i§7 and Z = Z*'6}, we obtain the relation as follows:

(430) or r iy = gk]F gy gzk gzkc
From (4.13), the relation 0;g;; = 6,9i; — B,’.@;g,-j hold. Therefore we have

(4'31) 5r92] = ngF i gzk (algw - gsz l)Bl
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On the other hand, the relation g; = g;; hold, so

(432) 6955 = griF™%, + ginFih + (8r95: — gixCh) B}
= g5, + gk Fy + (Br9i5 — 9x5CH) By

is satisfied. From (4.28) and (4.32), we obtain
(4.33) 019i;BL = ge;CiBL + gaC*5 BL.
Therefore we have the following theorem:

Theorem 4.4 Let (M, F) be a Finsler space and V = (N}, Fjy,, C},) satisfying T =0
a Finsler connection. Further,let V* = (1V*§,F*§k,C*§k) be another Finsler connection
satisfying T*%, = 0. The relations (4.20) and (4.29) are satisfied if and only if the relation
(4.28) and (4.33) are satisfied.

Here we put the definition as follows

Definition 4.2 Let (M, F) be a Finsler space, and let V = (N}, F}y,, C};) be a Finsler
connection satisfying Tj, = 0 and V* = (N}, F™, *tx) another Finsler connection
satisfying T*%, = 0. If V, V* satisfy the relations (4.20) and (4.29), then V,V* are called
the h-dual connection.

Next, we study the case:
"If (F,V) is a statistical structure on HM and V, V* are h-dual connections, then is
(F,V*) a statistical structure on H*M?”
This is an open problem, yet. We point out the assumptions and the conclusion. Since
(F, V) is a statistical structure on HM, we have the assumption that g;; is totally sym-
metric with respect to the indices 4, 7 and k. Further, since V, V* are h-dual connections,
we have other assumptions (4.28) and (4.33). Then the conclusion that we must indicate
is the totally symmetric property of g;;-, with respect to the indices 4, j and k.
We have only the following relations because Tjk =0, T*j-k = 0 and g;jx is totally sym-
metric:

(4.34) C*BL=C"B},  gyliB + gxChB! = giliBL + g Ch B!
and
(4.35) Gijjrr + giijlei = Girp5 t gz‘kalB;"

If we can proof the relation C;IB,lC = C}, B}, then we have giji-x = gix|-j, namely, gy is
totally symmetric. We, however, do not reach the conclusion, yet.

Now, we can construct another Finsler connection from the given Finsler connection
_(NE R (i )
V = (N}, F}, C3) as follows:

(4.36) Ni=F;, Fi =Fi - C..D;, Ci = Cjy, Di=F;; — N},

J
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then we obtain the new Finsler connection V = (V! i ]’k, C ) and Dz is called the coeffi-
cient of the deflection tensor field.

Lastly, we cons1der the case that V and V are h-dual connections.
We set N*=N, F*=F, C*=C, B = D, then from (4.28)

67‘91] gk]F + gzk( C Dl) + gsz'lD

(4.37)
= Gkj F + gzk

is satisfied. Namely, we have ”h-metrical”

(4.38) gijir = 0.

By the same way, we have

(4.39) gijik = 0.

In addition, from (4.33), we have 0ygi; D! = g;CED" + g Ch D, that is,
(4.40) (Br9i — ki Cli — 9inC) Dy = 0

is satisfied. Namely, we have

(4.41) gl DL = 0.

Theorem 4.5 Let V = ( ]’, Jk, : ) be a given Finsler connection. If V and V are

h-dual connection, then we have (4. 38) (4.39) and (4.41).
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