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Abstract

There is not the notion of its statistical structure for Finsler spaces yet. The
author lifts the Finsler metric to its tangent bundle and studies the conditions that
its tangent bundle is a statistical manifold in the sense of Riemannian.
Keywords: statistical structure, symmetric connection, Finsler metric, lift, tangent
bundle.

Introduction

The notion of statistical structure for Riemannian spaces are studied in detail in
[A-N00], [M98], [M-103] and [M-G93]. In [A-NOO] and [M-I03] the geometry of statis-
tical manifolds are studied, for example, dual connections, information geometry and
almost complex statistical structure and so on. In particular, the complete-, horizontal-,
vertical-lifts of metrics and connections of statistical manifolds to its tangent bundle play
an important role in the study of statistical structures for the base manifolds and its
tangent bundles, for examples, Theorem 1.1 and 1.2 in §1. Further, Prof.Hasegawa and
Prof.Yamauchi obtain the conditions to be of constant curvature for the given statistical
manifold by studying its statistical tangent bundle with the complete lift of the metric on
the base manifold in [H-Y05], recently.

One can see the usefulness of studying lifted geometrical structures on its tangent
bundle. So the author studies the conditions that its tangent bundle, which has lifted
vertical-, horizontal-, or complete-lift metric, is a statistical manifold in the sense of Rie-
mann for the given Finsler spaces, and obtains some conditions for the Finsler spaces.
The obtained conditions, however, are negative for Finsler geometry. The author thinks
that the condition ” symmetric’ in the sense of Riemannian for the connection is very
rigid, in the future, if we study the notion of statistical structure for Finsler spaces, this
symmetric condition must be substituted by another condition.

In §1, general preparation and the notion of the statistical structure are stated. In
§2, the notion of Finsler spaces and Finsler connections are stated and the relation of
between Finsler torsion tensor fields and Riemannian torsion tensor fields of the given
Finsler connection are pointed out. In §3, in §4 and in §5 the vertical-, the horizontal-
and the complete-lifts of the Finsler metric are given and the conditions that its tangent

bundle comes to a statistical manifold are shown, respectively.
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In present paper, the author obeys [M86] with respect to the notation of the covariant
derivation and the position of its indices and refers [Y-173] with respect to the various
lifts to its tangent bundles.

1 Statistical Structure of Riemannian Cases

Let M be an n—dimensional differentiable manifold, hA a semi-Riemannian metric on
M, and V a symmetric affine connection on M. A statistical structure on M is a pair
(h, V) such that Vh is totally symmetric, and (M, h, V) is called a statistical manifold.

On a statistical manifold (M, h, V), the symmetric tensor field K := Vh is called
the cubic form or skewness field and written in the local coordinate system (z') of M as
follows:

(1.1) | K = (Kij) = Kijpde' ® do? ® da*,
where Kij, := h;jx and , k is covariant derivative of a%k'
Further we define the tensor field S of type (1,2) by

for any X,Y,Z € X(M). The tensor field S is called the skewness operator of (M, h, V)
and written as follows:

0 i .
where Sf := K,;;h* and (h¥) := (h;;)".
Next, let V° be the Levi-Civita connection of h. Then the following relation
1
(1.4) V-V= —55’
is satisfied.
In general, we can define the dual connection V* of V as follows:
(1.5) Zh(X,Y)=h(VzX,Y)+ h(X,V3,Y).

Then V*h is totally symmetric, namely (h, V*) is another statistical structure of M, and
the relation

(1.6) V= %(V + V)

is also satisfied.

Let (z',y") be the induced coordinate system of TM. Then various lifts of h are
defined as follows:

R = y*Okhijds’ @ da’ + hy;(dy' ® do’ + do* ® dy’)  complete lift
j ‘ j
= y*hy;rdx’ @ da’ + hij(6y' ® dz* + dz* ® 86y’), (6y' = dy’ + y°T%,dz")
(1.7) h" = (y°Tkhjx + y°T¥; hii)da* ® da? + hij(dy* ® da’ + da’ @ dy’)  horizontal lift
= hy(6y' ® dz* + dz* @ 6¢)
h’ = hidx* ® do?  vertical lift
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and the various lifts of a vector field X = X'0; on M are defined as follows:
X¢ = X'0; 4+ y°(0,X")0; complete lift
= X' +y° X580, (6 =0; — y°T505)
(1.8) X" = X'9; — y°T*.X'8; horizontal lift
= X'6;
X? = X'8; vertical lift

- 611'7

Further the complete lift V¢ of V is defined as follows:

where 8; = 2%, & = 2 and I'%; are the coefficients of V.

(1.9) Y = (VxY)
and the horizontal lift V* of V is defined as follows:
(1.10) VYR = (VxY)', VA, Y? = (VxY)?, VA Y? =0, VA4.YY =0

for any X, Y € X(M).
Then the following theorems are established.

Theorem 1.1 ([M-G93], [M-103]) Let (M, h, V) be a statistical manifold. Then (T M, h¢, V)
is a statistical manifold with neutral metric. The cubic form of (T M, h¢,V¢) is the com-
plete lift K¢ of K, where

K° =y°0,Kijudr* ® dz’ ® dz*

(1.11) S I I I
+ Kijie(dy' ® da? @ dz* + do* @ dy? ® dz* + do* @ da? ® dyF).

Theorem 1.2 ([M-103]) Let (M, h,V) be a statistical manifold. Then (T M, h* V")
18 a statistical manifold if and only if Vh = 0.

2 Finsler Spaces and Finsler Connections

Let F be a positively differentiable function on To(M) = TM\{0}. We assume that F'
is (1)p—homogeneous with respect to y* and the matrix (g;;) = (%:y,-—g;) is regular. Then
(M, F) is called a Finsler space.

Let V = (N}, F},Cj) be a Finsler connection of (M, F). Hereafter we take the
adapted frames (0;,0;) = (0; — N!0, ) as the frames of To(M). Then the Finsler
connection V = (N}, F};, C%;) satisfies the following formulae:

(2.1) Vb = Fb,, V5,0 =F0, Voo =CLo, Vad=Cho

and V is regarded as an affine connection of To(M). Further for the coframes (dz*, 6y*) =
(d*, dy* + Nida),

(22) Vg,dz' = —F}da’, Vs,8y' = —FLoy, Va;dxi = —C;,dz", Vaj_,dyi = —C;,6y"
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are satisfied.

Here we assume that the Finsler connection V is symmetric, namely, torsion free
as an affine connection of Ty(M). We write the coefficients of torsion tensor field T' of
V with respect to the adapted frames 04 = (6;,8;) by Thc, where the indices 4,7,k =
1,2,-- ,n;AB,C=12,---,n,n+1,---,2n:1=n+1,2=n+2,--- ,4 = 2n. Since
the following formulae of the torsion tensor field of V

(2.3) T(0p,0c) = Vo 0c — Vo,08 — [05,0¢c] = ThcOa,

we have

J

Ty = Cyjy Ty = 05N, — Fiy,, Tjp = 0, Tip = —Cj + G-

(2.4)

According to our assumption (T = 0), all torsion tensor fields T, R, P, S,C of Finsler
connection V of (M, F) vanish as follows:

(2.5) % =0, R, =0, P =0, S}, =0, Ci =0,
where T} = Fjy — Fi;, Ry = 0cN; = 6;Nj, Py = N} — F;, Sy = Ch — Gy

3 Vertical lifts of Finsler metrics

Let (M, F, V) be a Finsler space with a Finsler connection V, which satisfies (2.5),namely,
to be torsion free as an affine connection V of To(M).

Now we consider the vertical lift of the Finsler fundamental tensor field g;;(z,y) as
follows:

(31) . gv = g,-jdxi ® dxj.
Then for any vector field Z = Zi5; + Z'9; of To(M), we have
V29" = Z"Vsg" + 2"V 0"

3.2 : ) )
(32) = (Z’“gmk + Zkgij|k)d:c’ ® dx?,
where gijix = 0x9ij — Fixgrj — Fji8ir, Iisle = 9i; — Clk9rj — CjiGir-
Therefore for any vector fields X = Xi5; + X8, Y = Y6, + Y8,
K(X,Y,Z) = V3" (X,Y) = (Z¥gijux + Z’_“gijlk)Xin
3.3 . o
33 = ik X'Y?' Z" + gij‘szY]Zk |

is satisfied.

Here we assume that K = Vg" is totally symmetric. From (3.3) and the arbitrariness
of X,Y,Z

(3.4) gijix © totally symmetric and gij|k =0

are satisfied. Thus we have
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Theorem 3.1 Let (M, F,V) be a Finsler space with a Finsler connection V satisfied
(2.5). Then (To(M), g%, V) is a statistical manifold if and only if (3.4) are satisfied.

From CJ’:k =0 of (2.5), however, we have gi]_|]C — Bzgi; S0 that gij|k — 0 implies gy;(z,7) =
gij(z). Thus we have

Theorem 3.2 Let (M, F,V) be a Finsler space with a Finsler connection V satisfied
(2.5). If (To(M), g%, V) is a statistical manifold, namely, Vg is totally symmetric, then
g is a Riemannian metric.

4 Horizontal lifts of Finsler metrics

Next we consider the horizontal lift of the Finsler fundamental tensor field g;;(z,y) as

follows:
W) g" = (NEgjk + NFge)dz' ® da? + gij(dy’ ® da’ + do* ® dy’)
= g;;(0y' ® dz’ + dx' ® 6y’)

Then for any vector field Z = Z6; + Z'9; of Ty(M), we have
Vzg" = Z*V5 9" + Z'_‘Va,;gh
(4.2) = Z*gij(0y' ® da? + do' @ 6y + ZEgijlk(ayi ® dz’ + dz* ® 6y’)
= (Zkgzj\k -+ chgij!k)(éyi ® da’ + dz' ® 6y7)
Therefore for any vector fields X = X%6; + X'0;, Y = Y6, + Y5;
(4.3) K(X,Y,2) =Vzg"(X,Y) = (Z"gijie + Z’Egij|k)(X5Yf + X'Y7)
is satisfied.

Here we assume that K = Vg" is totally symmetric. From (4.3) and the arbitrariness
of X,Y, Z

(44) Gijlk = 0 and g”|k =0

are satisfied. Thus we have

Theorem 4.1 Let (M, F,V) be a Finsler space with a Finsler connection V satisfied
(2.5). Then (Ty(M), g", V) is a statistical manifold if and only if (4.4) are satisfied.

However, the relation gijlk = 0 implies g;;(z,y) = gi;(z) by the same reason in §3. Thus
we have

Theorem 4.2 Let (M, F, V) be a Finsler space with a Finsler connection V satisfied
(2.5). If (To(M), g", V) is a statistical manifold, namely, Vg" is totally symmetric, then
g is a Riemannian metric.
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5 Complete lifts of Finsler metrics

Lastly, we consider the complete lift of the Finsler fundamental tensor field g;;(z,y)
as follows:

(51) gc = ykgiﬂkd:vi ® d(L‘j + gz](éyz ® dCEj + d.’L’i ® (Sy])
Then for any vector field Z = Z'6; + Z'8; of Ty(M), we have
vzgc — Zkvékgc + Zl_cvafcgc
= Z’“(yrgm,)mda:i ®dz? + Zkgiﬂk((syi Qdr’ +dzt ® 5yj) +
k(7 i J k i J i j

(5.2) + 2"y gm,)ikdx ®dx! + 7 gij|k(<5y ® dz’ + dz* @ §y’)
— (Zk(D;ng + g,‘j}()‘k) + Zk(giﬂk —+— Cgkgiﬂr + gij\OIk))dxi ® dm‘j +
+ (2" gijpe + Z’Egz,j\k)(éyi ® da’ + dz' @ 6y)

Therefore for any vector fields X = X6, + X5, Y = Y6; + Y'§;
K(X,Y,Z) = V2¢°(X,Y)
= (Z"(9i51- D + gijioi) + Z* (ijik + 9ijirCyi + gij|0|k))Xin 4
(5.3) + (Z%gijn + Z’_cgij'k)(Xij + XiY7)
= (gijir Di + Gijiope) XY ZF 4 gin (XY ZF + XPYIZF + XTYIZF) +
+ (i Clx + 9., )XY 28 + gij}k(Xij + X'Y9)ZF

jm|k)

is satisfied, where D} = y" F}; — N}. We put

(5.4) Eijx = gijir Dy + 9iji0iks Wiix = 9451 Cox + gij|0|k~

Here we assume that K = Vg€ is totally symmetric. From (5.3) and the arbitrariness
of X,Y,Z
Eir and gy : totally symmetric

are satisfied. Thus we have

Theorem 5.1 Let (M, F,V) be a Finsler space with a Finsler connection V satisfied
(2.5). Then (To(M), ¢, V) is a statistical manifold if and only if (5.5) are satisfied.

However, the relation gijlk = 0 implies g;;(z,y) = gij(x) by the same reason in §3. Thus
we have

Theorem 5.2 Let (M, F,V) be a Finsler space with a Finsler connection V satisfied
(2.5). If (To(M), g%, V) is a statistical manifold, namely, Vg is totally symmetric, then
g 18 a Riemannian metric. : :
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