
()n the Geottnetry of Singular Finsler Spaces(surVey)

By Tetsuya NAGANO

Abstract

Thesis has:

Preface,Introduction,six Chapters and References

The title of chapters

l. PrehHlinariesI Finsler,Lagrange and generahzed Lagrange spaces.

2 The notion of Singular Finsler Spaces,

3.Singular Randers Spaces.

4. Variational Problem in the Singular Lagrange Spaces.

5, On the Connections of singular Finsler spaces.

6. Generahzed Singular Finsler Spaces

ln Prefacc l described the history of the subject and the scometricians who worked in this neld and

the m� n problems which must be solttd.Therefore the abstract is as follows,whiCh numbers h tl and

()are refered to the P.h.D Thesis:

Preface

The notion of singular Finsler space was not deaned till no、 v. This is very clear in the case of singular

Riemannian spaces. In this respect some remarkable papers were published by: Gr,Moisil, /ヽ.Oproiu

ctc.158,721.Other aspects ofthe partial desenerate Finsler spttes were studied in the paper tAtanasiu121}

In this Ph.D.Thesis ve dellne the concept of sinsular Finsler space,as a natural extension of singular

Rieman� an space.ヽ Ve study the■ 7a�ational problem of the(nOnregular)Lagrangian deaned as the
square oF the Fundarnentan function F of the space dF7L and the lattr of conservation of the enersy of

space∂ Fn, The theory is apphed in the case of geodesics of lnentioned space 《ヽprove the e� stence of

the spaces SFtt and give some examples hke singular Rttders spaces.The generalized singular Finsler

spaces are introduced and studied,too.

The Lagrange spaces were intЮduced and studおd by J.KemBη and R.MiЮ n酔7,48,4剣 in order
to geomet�ze a fundamental concept in Analytical Mechanics.A Lagrange space LЯ =(″,L(2,υ))iS
denned as a p�r whidl consists of a real,smooth向一dimension』  manifoldユどand a resular Lagrangian

L :Tれr _ R. It comes out that a Finsler space is a Lagrange space, but not conversely since the
Lagrangianら mtt be not homogeneous with the respect to the■ rariables(yり ,ぢ =1,2,一・ ,n.
The fact that the Finsler spaces are particular Lagrange spaces suggested the developing of the

geometry of the Lagrange spaces by extendins the methods which have been used in the study of the

geometry of Finsler spttes.In this wttr One Can study suFnciendy general regular Lagrangians which

appear in methanics,electrodynaHェ ics,optittnal control etc.

The seometry of Lagrange spaces gives a model for both the gravitational and the electromagnetic

neld in a very natural blending of the geometrical structure of the spacc、vith the characteristic properties

ofthese physical lelds. This is possible due to ofthe ut■ ization of some specinc Lagrangians together with

some fundalnental concepts from the geometv ofthe total space TM of he tangent bundle(Tν ,π ,A/r)
as is for instance,the Liouville、 cctor neld,tangpnt structure etc.

As is expected,the vttiational problem formulated for the action integral of the regular Lagrandan

L(2,7)Of a space La leads to the Eule卜 Lagrange equations which adle Mtty useful in the geometry of Lη .

First,these are used in introducing a canonical connection and then a canonical rnetrical d― connection.
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These t、 vo connections are basic in the geometry of L・ . Let us notice the considered notions capture

both the symplectic structure induced by L2 on the manifold Tar and the metrical structure on T_Vr.

These give together an almost I(ahlerian space rf2■ deterHlined on Tar lt is the seometrical model of

the Lagrange Space L'.It gitts a geonetrical leざ timacy to the whole study of the Lagrange space L寛 .

Vヽe remark that the Mariational problem is applied also to the singular(non― resular)Lagrangians.This
趙ettl昂
れ記:ζ認封i7t青絲靴恕群鷲盈絆縮ぢ;理

Sし

/乳Jωダυ」+仇⑭ノ,ゆ〕のC両 =
T〃 {ヽ0),Where α与(2)ね a Riemannttn met� c tensor,龍 re introducedけ R.S.Ingarden,I呵 ,p刺 ,and
were remar臨 ble studied by M.Matsumoto and hs sぬ ool酔 1,42,4翻 These ttre suggested by Randers'
studies隅刺On the scOmet� C』 modd of the gravttatbntt and dectromagnedc ndds,a reason to c』 1

them"Randers spaces".In add託おn,R MIon introduced tte notお n of genertt Randers spaces in臣 呵,
studied it in detail and apphed it in the Relativistic Optics.

On the other hand,Singular Riemannian spaces with the metric tensor ield atす (2)deaned on_lr,
where αεJ(2)iS Singular,that is,the rank(α Eす (2))iS leSS than the dimension η ofthe base manifold〃 ,were
studied with ttry interesting results by Gr.Moisil臣 剣 and v.Oproiu『劉,Further,Singular Finsler spaces

�th the ttngd航 比ndame�』色nctbn F修 ,の ,� WhCh the ttndarnent』 tensor iddヮ巧管 ,の =:ぢ
鴇 移

is singular,Mrere intЮ duced by T.Nagano[60,61,62,63,64,65,661.

Some importalllt problems ofsingular Finsler spaces htte been studied by Proi A.B筍 舶iCu in his bookt211.

Therefore,it ttras necessary to study the following problems:

―A clear dennition of sinsular Finsler space.
―Some good examples,、 vhich prove the existence oF singular Finsler spaces Singular Randers spaces,
deaned Ⅲ  authOr胎刻 siVes us a natural and remarkable examples.
―V8ば iational problenl for singular fundamental function of space SF・ .

―Geodesics.
―Singular metrical connections of these spaces.

―The transformations of singular metrical connections.

―The seometrical methods for studying the singular Finslcr spaces.
―The cxtension of the previOus theory to the singular Lagrange spaces.
―The seneralized singular Finsler spaces

But、vhat kind ofrnethods we can used in this study? Of course,the method suggested by Lagrangian

study of variational problem is sood one. But it is not suacient for study the metrical connections in

singular Finsler space.

In the case oF singular metricad connection we must extend the method of OprOiu from the singular

Riemannian spaces.

Consequendtt we solved the previous problems using new ideas and new methods. Alinost all resutts

frona the prescnt thesis are original.

Of course the notion of generahzed singular Finsler space is new. It is developed here by the rnethods

SuSSeSted froni singular Finsler spaces.

ミミdevelop the contents as each Chapter froni thesis: Vヽe present in this part of the thesis on abstract

ofthe rnain results obtained in the theory oF singular Finsler spaces and in the generalized singular Finsler

spaces. Therefore we describe each chapter of thesis

Chapter l
lntroduction on Finsler,Lagrange and generalized Lagrange spaces.

The theory oF singular Finsier spaces or of generahzed Finsler spaces is a special case of classical

theory of Finsler, Lagrange or seneralized Lagrange spaces. Therefore we recan the knOwn theory of

Finsler,Lagrange and generahzed Lagrange spaces― as prehH� naries. This theory was created by my
teachers:M.Matumoto,M.Hashguclli,as vell as,in Romania by R.Miron,M.Anastasiei,A.BeittCu,
V.Oproiu and matt others.
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In this chapter,ve expOse the lnain results ttom Ph.D.Thesis. Except the flrst chapter,almost all

thesis contains the original results. Chapter l is an abstract of the geometry of Finsier,Lagrange and

generaLzed Lagrange spaces. So we have

Prop■ .2.l  Att Finsler space F'=(ν ,F(″ ,7))determines a Lagrange space L兌 =(〃 ,F2(2,υ ))・

ProP■ ,2.2  1fthe Lagrange space L・ =(7,L(2,g))haS the fundttiental tensor θt」 (2,7)0-hOmOgeneous
witt respect toデ md pOSititt dennite,then the p� r Fれ =(″ ,w勺ぢび(2,7)ダυJ)iS a Finsler space

ln section l.3,on the canonical nonhnear connection and metrical connection,we re� enberi

Theorenl l.3.3 There exists a uniquc N― connection L「 (N)ha.7ing the follo、 ving properties:

a.9tJI滝 =0,b・ Tれ =0;C・ 9tJIん =Oi'・ 弓 た=0

This connection has the local coemcients given,y the generahzed ChristoSel symbols:

珂た=:ゴr(幾矛+髪針―幾許),

鍔た=:θ>(静十弓考チー3を|)・

Theorem l.3.5 1fられ=げ豚,L)iS a Lagrange space,then the differential forxn

ω圭
:身多
加
を,θ =9Jδダ A Eπ J

are globally denned on TAr and the exterior difFerential of tυ is 2-form θ:

Eω =θ .

sl.4.Generalized Lagrange spaces.

Theorem l.4.l There exists a uniquc metrical N― connection ttr(N)=(弓 た,C号ん)Vtth the prop―

ertた sTれ =0,粥κ=0・ ItS COencients are siven Ⅲ the gener』 乏ed Christorel symbols(仕 om Thcorem
l.3.3)

Theorexn l.4.4   The set of trans`omationS of A‐ ―connections and the composing of rnappings is

an abehan groupね omorphic to the additive group of the p� rs of d―tensor nelds(Ω 争 4た ,Ω等
'観

)・

Theorel■ 1.4.7  1n order thtt a generalized Lagrange space CL2=(〃 ,すtJ)be reducible to a

Lagrttge tta∝ hね necessttythtthedtenЮ raddttbebtdサ 呼mmet�α

ln the section 4 of chapter l we presented an abstract of theory of generahzed Lagrange spaces、 vith

resular metric.
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he「驚 胤 議 解 琳
tttnぎ he騨 � 質dLTr,曙e Spa∝ θLtts �h weよけresulM m就並 ,

将修,の =3テ∴ θt=:θttJ(鵬υた一器)
。�デ
etermhe a no� nett cOnne就おn on thet飢』sptte"whch depends on he met� c ttnsor a」修,の ,
TheOreコ nl.5。 3   1f a generahzed Lagrange space(ダ Ln is with regular lnetric,then the tensor neld
♂巧iS O~homogeneous with respect to(υり,nalnely GL'is a generalized Finsler space.

denttHctiた ,Liと争
gЧ・Hasl� guchi132〕う   r a generahzed Finsler space CF'お with resdar positiЧdy

あ職認鴛:伊龍1静禽盈と哲el縄魂:急冨デ
V2is regd鉗

.

Theoreコ nl.5.6   A Finsler space Fn has the properties:

執監∫熱総老]」篭,Y監亀詰塁i♂糀《:瓶誉浄篤;Pirtと置研笹ダi乳 ).
3)The nonlinear connection(1・ 42),(1.43)is the Cartan nonlinear cOnnectiOn斤

.

4)The canonical connection θ
「 (�)is the cartan metrical cOnnection.

Chapter 2:
The nOtiOn Of Singular Finsler Spaces. variational PrOblem.

Vヽe cOntinue to present,in abstract,new resuits froni chapter 2.

§2.l lntroductiOn.
The nOtiOn of singular Finsler space Mras nOt denned till n。 、v. It is very clear in the ctte of singular
Riemannian spaces.

研 且 話 鷺 と認 解 部盈 昭 鴛 チ1亀どヽ 君薔彗li:射隅 :I:遷忍 を毛滸P脇 1器
energy ofthe space SF'. The theOry is apphed tO study the geodesics Of these spaces_

§2.2 Space dFれ .

『雪1射 3‐,と研寺詫f耕ゴ
詭Юttd牝子♂〉監Яr!。4∵鵡蓄1'ず

d猛
監t:弼i辮)監

と♂鶏
I''島

,誓
・
b,のと鴇咀子i就bSと∵£誌亀鑓龍愚絲ぞ盈欺∫

nwtt Fね a mapping

l)Fお a direrentiable funchn cJn T〃 =T〃 、{0}甑 d COnthuous On he nun sectbn ofthe prOiectbn π

2)F(2,υ )≧ O on両

3)F is positively l― hOm6geneous with respect tO υ
t

F(2,ιυ)=ιF(2,v),Vι >0
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4)The HeSSitt of F,with the elements

,」は,の =:零絲,塩の∈両
has the rank η―ん>O and the quadratic form ψ=,tJ(2,υ )すですhtting in canonical form only positively
term(nalnely its canonical form is

ψ=(ω
l)2+… .十

(ω
コ~ん
)2).

The function F is called力η」α阿9ηιαJヵ拘Cιぢοn of∂ Fn.

ヽ馬 dellne the distribution 71 oF nullity of the space SF'and an apriori nxed complementary

distribution b suCh that he direct sum y=yl 0 72 hOldS・

Letマ and g the Supplementary proiectOrs wtth respect to the dist� butions h and b.We denOted

by 7:=ι与'g:=翻与the COmponents of 
υl and υ2・

Prop.2.2.2  The fundamental tensor ield 9巧 and the projectprsら ,阿,SatiS'the fOl10wing equチ
tions

,t」ど1=0

θ巧碗1=9Eん

Theorem 2.2.1  Vヽith respect to the direct decomposition(1・ 7),there e� st a unique d―tensor acld

♂
τ′ V`ith the properties

(θ子
1持こ I:

The tensor 9を 'is caned the generalized inverse of the Fundamental tensor lleld 91J

Theoreコ n2。2.2   The distribution of nullity 71 is intesrable if and only if、 ve have

n駐 =o, (α =ん +1,―・,η ;α,b=1,―・,ん )
(1)

Theoreコ n2.2,3   The distributionレちis integrable if and only if we have

nをγ=0,(a=1,…・れiβ ,γ =ん +1,―・,η )
(2)

Here

R:b,R脇 ,Rをィ,RB7,B酢 ,】脇
(1)(1) (2) (2) (1) (2)

are the in■ rariants of the space SFTL.                 I

Vヽe remark that the inlrariants Rε b dOes not depend on the distribution 72・
(1)

-151-―



」Ourna1 0f he Facdty of Global COmmunication Siebold Un� ersiけ Of Nagasaki No.3

s2.3 VariatiOnal prOblerxls

Theorem 2.3.l  ln order that the functional r(c)be an extremЛ ■alue of r(cr)it iS necessary that
the curve c be solution of the Euler― La.Tange equations

島的=等―嘉子=砒 ノ=写・
Theorexn 2,3.2  The following properties hold:

1)島 (F2)is a d― Cttector neld.

2)現 (F2+F,2)=島 (F2)+島 (F′2),島(aF2)=a島 (F2),a∈ £.

O EE(等 )=qVデ C ttT・
yl,�th詐 =0・

Prop.2.3.l  The HamiltOnian energv(2.9)of the space∂ F・ is EF2=F2

Theorem 2.3.3 The enerv functiOn F2。 f the singular Finsler space SF兌 =(M,F)iS COnstant
along the evev integral curve of he Euler― Lagrange equation島 (F2)=0.

Theorem 2.3.4  For a singular Finsler space SFη =(ν ,F),the Euler― Lagrange equation has the
form

aJ纂 +随珂竿竿=砒
where防た,じl are the Christorel symbOls Of the irst type,Of,巧 (2,υ )・

Prop.2.3.2  The prOiectiOns Of the c∝ ector neld島 (F2)。n the diStributions b and yk are gittn,
respectively by

Theorem 2.3.5  The Euler― Lagrttige equation βt(F2)=O holdS if and only if

ｂｎＯ

覧

物

銀
轄
却
一　

　

つ

一一
　

伊

狗
′
　

島

Ｔ

　

寺

現阿

ｒ

ｌ

プ

ヽ

―

く

1駒

t(執

与準孝勇
)=0

与転}=θ
う°
レた,sI.

where we denote
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§2 4 Geodesics.

Theorem 2.4.1

0.め .

The equation of geodesics in the natural pararneterization are given by equation

Theore】 m2.4。 2  The equations(3.1)of the geodesics of singular Finsler space SF兌 =(〃 ,F(2,7))
are equi■・alent to the fonowing SyStem of direrential equations

1働

t(専

与,摩
猛
!=0'

Theoreコ n 2.4.3   The geodesic covector neld of a geodesic curve of singular Finsler space SF'

belongs to the distributionレ ち.

An examplet

The p�r SF・ =(〃 ,w/αラJ(2)ytυJ)iS a Singular Finsler space,where at(2)iS a Singular Riemannian
metric.

Theorem 2.5.2 A singular Finsler space SF″ =(〃,F(・ ,7))iS reducible to a singular Riemannian
space if and only if the d― tensor neld

Q》 =与扇デ洗テ洗戸
vanishes.

Theoreコ n2.5,3   1f the manilbld ylr is end。、ved with a singular Riemannian metric,then locally

on/there c� st singular Finsler spaces∂ FЯ =(ν ,F(2,7))・

Chapter 3
Singular Randers Spaces.

In Chapter 3、ve study a nrst important class of spaces∂ Fη . NalnelJЪ  we siVe:

Dellnition 3.2.2  A singular ttders space is a singular Finsier space with the fundamentJ funC―

tion F(2,y)frOm:

Fψ潮 =厩 〃ハ 仇ω九

deaned in eveFy pOint tB∈ π
~1(y)and where 

α巧(2)is a Singular Riclnannian metric.

Theorem 3.■ .1   耶ぬth respect to the direct decomposition(3.6),there exist a uniquc』 一tensor
neld atJ(2)With the properties

(乳

元
7駐予耳」!→
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Theore】■ 3,2.1  1)If α】J― う.bP is posit�e semi一 deinite,then the fundamental function F(2,7)
deaned by(3.15)is sem卜 pOSit� e valued(F≧ o)On the domttn D and drerentiable onう ,vhere

D={(2,v)∈ Tν
lα ≧0} and ぅ={(π ,υ)CT″ lα >0}⊂ D.

2)The metric tensor 91J(2,υ)Of the singular Randers space SFtt is gittn by(3.20)
3)クをJ(2,υ )htt the sarne rank with the Singular Riemannian met� c atび (2),namely

Tα角ん(,巧 (2,7))=ran考 (α tプ (2)).

ミヽcOnstruct two examples of Randers spaces. The flrst one is as fonoM〆 s:

Example l.Let♂ be the Euclidむ an plan with an orthonormal coOrdinate system(2,y).At孤
釘Ы伊訂y pd� PIT,の 研β2=β2_冊 碇 dean亀

ょ境

iぜ

↓臀 競 〒1芹蹴路 LP,潔 鶏 s盈よparanel lines瓢/ith the line and the distance to the li

walued function. Then rP is given by the cquation

傷2=(1+c(・ ,7))22

in the coordinates(9,υ ).SinCe the tangent space of E2 at P Can be identined with E2 itseli ve mtt put
傷=π +身 ,υ =υ 十ケ.Then(3.32)is written as

C(2,v)π
2_22と 一と2=0.

Ntt hre ap∬ y the usun method to O・ 33).Re∬achg¢ ,の by(争 ,子 )We get

C(2,y)π
2F諺 _22おF一 分2=0.

This algebraic equation for F has twO sOlutions,one is positive and the Other negative. ミ、 choOse the
positive solution

F=あ停韓軸+∋・
Thus we obtain a two― dimensiOnal Singular Randers space(22,F),where the singular Randers metric
F is gittn by(3.35).

As the particulcr cases wc have

c=222+72P,ρ ≧ 1,  V(2,7)C β2

and we obtain interesting exaxnples of Randers spaces.

§3 3 VariatiOnal problem.

TheoreHn 3.3.l  The necessary conditions for the nonisotropic curve c:d→
 (2を (3))tO be an

extremal■7aluC Of(3.26)is that the functions π.(3)be a sohtion of the following direrential equations

乳T箸 +h可等雫=島T等 ,

wLtt ss就ね健s on thatる 触 =屯 の md随 珂=:(舒 +絆 ―
等 )

Theorelm 3.3.2  1)The equations(3.29)of the seOdesics of sinsular Randers spaces∂ F兌 =
(′,α +β )are equittlent to the system Of diIFerential equations(331)
2)The geOdesics of the spacc∂Ftt belongs in the distribution of nullity 71 if the second cOnditiOn Of
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Fisure l:Exarnple l

(3.31)is identically satisied.

Chapter 4
Variational ProblettLS in the Singular Lagrange Spaces.

In Chapter 4 ve study the notion bf singular Lagrange space follo、 ving the sarne methods as in the

case of spaces∂ F7L.

ァoted to the variational probleHェ and Euler― Lagrange equations.The section 2 froni this chapter is de、

an extremal■ 7alue Of r(c()it is necessaryln order that the function』 J(C)beTheoreH4 4.2.1
that c be the solution of the Euler― Lagrange equations

現に)管器―拳(詐)=0,ゴ =等 .

The`o■owing properties holdiTheorern 4.2.2
1)Et(4)iS a d―COVector lleld.

3丘隆て1,弓声?どあlql:撃τ
a且に)'acR

The enerv tt Of he singular lagranξ m£ iS COnserttd』ong to cttry integralTheorexn 4.2.3

curlc c ofthe Eder― Lagrantt equaion現 =0,ダ =等 .

For a singular Lagrange space世
=β

PL,the EulerLagrange equation has the formTheorem 4.2.4

勒,モ静争+す絲ダー鋒=qダニ等

Prop.4.2.l  The proieCtiOn of tte covector neld】 【だ)On the diStributions 72 and 71 are sittn,
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respectively by

(附勇;とを持!二
'と

輸(祝
~鍮 …

Theorem 4.2.5  The Euler― Lagrange equatiOn近 力(L)=O h01ds if and only if

(をそξ亀3'1::こ|))=」
0

where

CT徹 ,の =:ガ俗畿霧υ上詐),vT=等

Dennition 4.1.3    A singular Lagrange space、〃hose fundamental function is siven by

だ=F2(2,υ )十 五,(2)ゲ +y(2),

where F is a fundamerltal functiOn Of a singular Finsler space(ν ,F(2,y)),Win be called a働 陶腕θο」οrtr
singular Finslenan Lagramge space,shortly∂ AFだ一 space.

Theorcコ n4.2.6   For a Carattθο」οtt dAFだ ―space,the Euler― Lagrange equatiOn has the form

ar箸 +随珂等竿=島J⑭竿
where「 s,可 are the Christorel symbds Ofthe nrst tpe and

為ω=:(甲―甲 )
is electromagnetic tensor neld.

Prop.4.2.2  The projection of the covector neld島
(だ )。n the distributionsめ and 1/i are given,

respectittly,け

Theorem 4.2.7 The Euler― Lagrange cquation島
(だ)=O hOlds if and only if

(を 1卜r千と:」どゼ喜::募i虫
望学)=0

Whe礎 {,た。}=ガ
「
S,州 andガ民ん留吋・

Theorem 4.2.8  The Euler― Lagrange equatiOn島 (だ)=0 0fa∂4Fだ 一δpα∝ holds if and only if

(ィ11ぞ,;i薯|ュ七Чi華!,屯毛
剰子≒拳)=0
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where{TJ,}=♂J'ITS,ぢ
]・

。ril悸ど
)駐
亀ections of Silagular Finsler spaces,

The Chapter 5 is devoted to tte N■inear connections which are singular with respect toヲ 巧(π,y)and
metrican s�gular with respect to 9ゥ J(π ,V)

In the whole chapter 5、 ve systematically used the Oproiu's lnethod and Obata― Oproiu operators.

For singular Finsler connections,、 ve have some new important results. A singulEど Finsler connection

ねmN―lincar comection D「 (N)wtth the properties ttrlた
'TJ=O and arlた

,TJ=0・ So tt hか唸:

Prop.5。2.l  The cquations(5。 41)and(5.42)are equivalent to respect� elb the equationsi

lu■ O丼駆,こ 】働』たダ+:抒 s卜偽胤

lu■叫 既s=:9ps・ダ十:蜘ιガ.

The operators?=υ -0,9=u+O are the obata― Oproiu's operators.

Prop.5,2.2  1f we put

現J=勃sttt+:勢 s卜ιガ,
現J=:町ダ +:獅

`ガ

,

then the senertt solutions of(5.44)and(5.45)are

D打たこう佑た+(Φ -0)と
=岳

,

2れ =D打た+(Φ -0)義 9打J,

where qJ,91J are arbttraryと tensor nelds.

Theorem 5.21l Let FI=(町 ,身ん,旬ん)be a nxed Finsler connection.Then the set of ЛI singular
F�飢er connectbns Fr=(将 ,をた,句た)ねξ・7en by

l)粥 =窮 キを,

2)耳た=守κ―

“

球た+つれ)芍十珂た,

3)弓た=鍔た+D手た,

where

D打た=を 9た。|れダ+:9,siん J骨9・ +(Φ -0)転
=務

,

】打た三】9んとi元9St+と
'Tsiれ

:そ 9・
ι+(Φ -0)と 9狩ザ

and A;,1れ ,9jた 鷲e arbttraryとtensor nelds and Φれ,0猛 are the quantities of(5,40).

Theorem 5。2.2 Let FI=(窮 ,身た,旬ん)be a nxed F�飢er connecion.Then the bnoM・ ng F�der
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connection(将,み ,(9子た)

将 =埓 ,

み =守た+:獅ガ +:釣囁凡

鍔た=旬た+:先sbガ +:♭ s移峰ダ
is a singular Finsler connection.

This result proves the existence of sinsular Finsler connections.

TheOrem 5,2.3 The set Of』 l dnguLr Fintt connectbns(将 ,■■,鍔ん)ね 」Venけ

鍔 =鍔十叫,
弓ん =弓κ一●た弓+(Φ -0)を

'(9,L―

Tん 4;),

Cた =寄ん+(Φ -0)々;耳ん
where FI=(時 ,身た,旬 1)iS a nxed singuLr Finsler connectiOn andユ ;,み ,9;ん are arutrttyか tensor
nelds.

Theorexn 5。2.5  The set Of all singular Finsler connections F「(�)iS given by

将 =鍔 ,

弓た = 写κ+(Φ -0)々子9,L,
喝κ =弓 たキ(Φ -0)係辱ん

where F「 (lV)ね a nxed singular Finsler connectお n and二れ,9うたare arbitraryとtensor nelds.

Theoretrn 5。 2.6   The set of transformations of singular Finsler connections and the composition

of rnappings is an abehan group,isOmorphic to the additive group Of pairs Of tensors:

{(0-0)々

'9;ん

,(Φ
~0)を

'」

Tん }・

ξ5.3 is devoted to:
The metrical property of singular Finsler connections. A metrical singular Finsler connection is deaned

by the equations,巧
|た =O and 9巧 |た =0・ So,証げ metrical singular Finsler connection is a singular Finsler

connection.

Thecrem 5。3.l The set of飢 l metric』 dngular Finsler comectionsis siven by F「 =(将 ,■た,鍔ん),
where

将 = Ⅲり十ス;,
弓た =写ん~qκ 4,+(。 -0)を

'(9;ん

~甲ん4;),

9舟 =寄た+(。 -0)仔ィれ
where FI=(粥 ,身た,釘ん)お a nxed Finsler connection mdを ,み ,9,ん are arbitraryとtensor nelds.

TheOrem 5,3.2 Let FF=(粥 ,身 .,寄た)and五;,号たbe a nXed metric』 dngular Fhsier connec―
tおn and arЫtraryとtensor ndh Then the ttnow�g F�sにr connectお n(将 ,み ,Cん ):

埓 =埓 +峙 ,

号κ=弓た一qた 4テ
鍔れ = 時た+(Φ -0)を

'■

ん
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is a lnetrical singular Finsler one.

TheoreHm 5,3,3  The sct of ali metrical sinsular Finslcr connections FP(N)iS gittn by

将 =鍔 ,

■た=守た十(Φ -0)を
'9;れ

,

Cれ =寄た+(Φ -0)を子辱ん

where FI(�)iS a nxed met� c』 singular Finsler connection ttd守 た,9子たare arbitraryとtensor nelds.

S5.4 The torsion tensor neld of the metrical singular Finsler connections.
ミミlook for」―tensor of torsion of the metical singular Finsler connections whith do not depend on the

distribution y2・ TheOrem 5.4.l solved this problem.

Prop.5,4.l For the diensor nelds O子 た,rザたin the formulas(5.72)and(5.73),the偽 11側ing
equations

:∝軋 ―伽メ蹴 躯 =力 鈎 江 ダ
J―
:鈎守� 可 λ

:(阿
子阿 1-9げ

巧

)写新 ば =:阿 ra?IT印 を,9J一 :,TI?阿
:阿

'99J
are satisied,respectively.

Theorem 5.4.l Let FI=(窮 ,身た,旬た)be a nxed FinsLr connectbn s就 ねけ�g号た=O and

舟た=0,md lct the metricЛ  singular Finsler connection F「 =(町,み ,qた )be ξttn by

号た=号たキ弓た,
qた =鍔た+男た。

The torsion tensor nelds守た,み Of Fr(� )have the properties町 ″ ち 阿 :阿′ =O and阿 :∂:J陶 :阿子 =0,

respectively if and only fと tensor ndds ttJ,Dλ」satiSfJ7 the propetty(5.81)孤 d(5,82)with O,た ,守た
sttis,ing(5,79)and(5.80),reSpectivel}

Prop.5.4.2 The torsion tensor nelds Tれ ,弓たare witten in tte form:

守た=与玩"巧ガー:為“虹ガ
+娩可 ダ +

+(Φ -0)娩 (:Ⅱ町 十ば 名 リ ー (。 -0)挽 (:上鴫 +阿;喝囁)

and

弓た=:ИttTs阿;ダ ー与略 Ts阿 19範
十ИttTs好9i+

十停 -9娩 (:ヰ町 +阿子喝 リ ー停 -0湧 (与Ⅱ喝 +阿:"翫り・

Theorem 5。4.2 The torsion tensorndds Tれ ,弓ん°f the metrical singular Finsler connection F「 =
0町 ,写た,qん )determ�ed Ⅲ o・ 981 and“。99・7anねh r and onけ fとt)=0,Lすた=O are satね aed.

遥路篇 shgdM F�』er Spac∝ .
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1n the last chapter、 ve investigated a ne、v notion of the sinsular Finsler metric. This metric is a
generalized Finsler metric. It is dellned in the nrst section Of the chapter 6. So, one introduced the

nodon研騨nerttzed ttnsdar nntter spacett ltヽ
絨〕与IL:『l耳。

(〃
'θ
巧僚,の )Where tt」 haかtensor

neld homogencous of degree O symmetric and Of Tα η
The geOmetry of(ダ ∂F砲 _spaces can be developed by the sagne methOd as the geometry of sinsular

Finsler spaces∂ FT.
But the seometry of G∂ F覺―spaces can not be reduced to the geometry to the singular Finsler spaces
or singular Lagrange spaces because the fundamental tensor♂

tJ Of the space C∂ j「・ , in general, is not
a fundamentЛ tensOr of the space∂ F・ Or S二″.In this case we must study new nOtiOns by means the
absolute energy of space. ミミ prOved that the absOlute energy Of space θ∂F・L is coincident with the

energy of space(PrOpOSitiOn 6.3.1)and Eule卜 Lagrange equatiOn are given in the TheOrem 6.3.1.AIso
We報七慧憲既幣配蹴!¶鞘li靴ぎ二規e継肌盈」温温罵解lT乱墟縄a∞ _

轟酵軽髯靴軽と♯轄碑翻 イ瑞帆:瑠毬陥聡e毬濫拙ld on the distribution 72 Ve inwcstigate theハ 「_hnear
connections D which preserve by parallelism the distributions N,71,7チ The cOrrespondingん ―,υl― ,υ2~

温 離 照 」尊癬

enceFtta絲 鷲 盟 ど継 辮 :i慾ゴ 駕 恩 離縄 毬 議 撒

れrith these problems we end the text of Ph.D thesis.

ReFerences are giwcn Only by papers Ⅵ/hich ha、 c sOme connectiOns with the prOblems from this Ph.D
thesis.
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